HAlg3-4, 1.1 Notes — Functions

R’eié_ition: pairs of quantities related by some rule of correspondence.

Examples: area of a circle is related to its radius, temperature outside is related to time of day.
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2 quantities:

dependent variable, ), (x, y)

Input =
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Ifa funcilon can be written as a rule, it can be written in function nog_a,tw—
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To eva!ua’{e a func‘uon for a glven mput plug the mput mto the rufe and compute the output:

e pl)= 3

7 Are these functions?
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HAIg3-4, 1.1 (day2) Notes — Functions

{ Domam of a function = possible or allowable values of the input (x f{j() = Z ‘"\(

] —1-7“ AN &f
Determininq the domain of a function: _ _ / > R

1) Domain may be given by the function definition:
£ 8 (-3,0, (-1, (52, (2,2 ,(% 1)
d@é’ﬁw\’\ E) ' g "‘“3/ “*1,4 Qf 4 ;‘t/:%
2) Domain may be |mplred (the values for which the rule is defined):
\:f{xﬂ B‘;ﬁ-&‘»{ f:j, [w e, fﬁ%) ar all real smmbecd MJE
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' "3) Do' in may 'be restricted due by physwaf or other stated constralnts

Example A soda can IS cylindrical with hetght 4 times lts rad:us }‘m Y

Express the volume of the can as a func‘non of the radius:
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What is the domam of V( )

D lo,00)  cadtfhove 2o o N;w%w mg»f 4

If we add the constraint that the maximum height of the can is 6
inches, what is the domain of V(r)? .
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Range of a function = possible values of the output (y)

Plug in all possible input values; the range is the set of all output values that result.

Example: A baseball is hit at a point 3 ft above the ground ata velocr[y of 100 fps atan angle
of 45 deg. The path (height of the ball at distance x) is given by:

f(x) = -0.0032x% + X + 3 Graph to find the domain and range
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Ste'ps"for basic graphing on a TI-83 Plus or equivalent:
1) Enter the equation to graph:
. a. Press the 'y=" key.
5 b. On the Y1= line, enter the equation. For the variable x, use the X, T,Q,n’ key and
T press ‘enter’ When done.
2) Set the window:
- a. Press the ‘window' key.
b. Set Xmin, Xmax, Xscl (scale) Ymm Ymax, Yscl to appropriate values (to graph
the baseball examp!e try o

. Xmin=0 00
i. Xmax=400 -
fi. Xscl= 10 i
iv.: Ymin=0
V. _'_-Ymax—100
vi. “Yscl=10

vn_;f '_Xres (usually leave set at 1)

Press the ‘graph’ key. The graph should a appear

ead points on graph: :

. Press the ‘'trace’ key. A point should appear a!ong wrth X and y values at the
. bottom of the screen. M

Move the trace point | usmg the Ieft rrght arrow keys.

rogram you can use to graph s cailed GeoGebra It is a freeware program similar to
-Geometer s:Sketchpad. You can download and 1nsta|l free at www.geogebra.org {requires an
;[‘up to date Java Runtime Environment.) BN
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Difference Quotient = L&+ =) - S ) =2

Hud*

: leference Quotlent A function that is used frequently in Calculus::

n et

Example: Find the difference quotient and sirrlplify:

o Fx)=-2x+4 f(x+c)—f(x)

,e=0
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Example: Find the difference quotient and simplify:

g(x)=x"+1 g(x+h2—g(x),h¢0
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HAlg3-4, 1.2 (4D Notes — Graphs of Functions

A graph of'a function is a 2-D plot with inputs, x, on x-axis and outputs, f(x), on y-axis.

Pomt plotting method: make a table and select some input values, compute corresponding
output values and plot (x,y) pairs.

Example: graph f(x) = x* — 1:
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' ".'-:fﬁ'Domam and range of a function: From a graph of a function, you can determme the domam
i and range Remember sometimes domain (x) is restricted by problem (no negative lengths) or
i ‘by functron equatfon (no even roots of negative numbers, no zero denommators )
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o Exampie

Increasing , decreasing and constant functions: Moving from left to right:
If the graph rises, it is increasing
If the graph falls, it is decreasing
If the graph does not change, it is constant

A graph can be increasing, decreasing or constant for its entire domain, or it can have regrons
that are different (some increasing, some decreasing, elc.)
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HAlg3-4, 1.2 (365

Relative Nhrumum and Maxnmum _

Functions may have regions where they are increasing or decreasing.
Relative Minimum = a point where function changes from decreasmg to increasing.
Relatlve Maximum = a point where function changes from increasing to decreasing.

Example: f(x)=x>~3x
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- Even/Odd Functions:

Algebraié definition

Even function ‘*{i (43'\ :L(:")
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Examples: Determine if each iunction is even odd, or neither.

fx) =4 -y =1-¥ = -mvf"fx} even
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Piece-wise defined functions:

x=3, x <1

B ) =[x] the greatest integer Iessthanor eq

D -f(O)x[[O}]r_—'O

je=fos]=0

L F09999)=[09999]=0

v 0y =[1]=1

- Greatest Integer Function: [ W‘A/‘Aé(o V_o'r...%._ ,}4 nearest fﬁ%’"%?gr)
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HAIlg3-4, 1.3 Notes — Shifting, Reflecting and Stretching Graphs -

Sketching functions by hand is made easier when you know:

e The shapes of common functions.

» The ways these shapes are transformed by common adjustments to equations.

Basic shapes of common functions:

Constant function: f(x)=c¢

I

Absolute Value fur_it’:ﬁé_m: )= 3 : - : '__S'cfuére Root function: 7(x)=/x

Identity function: f(x)=x
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Cubic function: f(x) = x’
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Common Transformations:

Rigid Transformations...

Sketch the functions

f(x)=x"+3
A
Y d
ll'f
v’
Fi
| T

Vertical Shift:
h(x)= f(x)+c (up)
h(x)= f(x)—c (down)

Examples: Sketch the functions
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Horizontal Shift:
- h(x)=f(x—c) (rght)
Ch(x)y= f(x+c) (left)

Vertical Reflection:

h(x) =1 (x)

Horizontal Reflection:

A(x) = f(=x)




To sketch: _
1) identify the basic shape of the curve

2) identify the shifted origin

3) sketch the basic shape from the shifted origin (plug in points near origin)

Non-Rigid Transformations... Vo F %}{E«
/!;\? }?1:?\ oA
Vertical Stretch: f(x)=2x> ; ﬁw 4 /’
W) =ef (x), ¢>1 \HH A
NN Y
1 _\‘_*j\k. :-/(-"i
f)=ox KA

Vertical Shrink:

h(x)=c¢f(x), 0<c<l

Sequences of Transformatlons ' e _
Multiple transformations can be apphed When TSR EARER NS N I
sketching, start with basic function and apply DOV xe2)rd

transformations in order of operations. S ~

Example: Sketch A(x)=—(x+2)+4

Transformations of other functions:
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HAlg3-4, 1.4 (dayl) Notes — Combinations of Functions

Given two func'ti'ohls, you can provide both with the same input and combine the output values
from each function in various ways to create a new function. There are two general ways
function outputs are combined: arithmetic combination and composition of functions.

Arithmetic Combination of Functions: Add, subtract, multiply or divide the outputs of the
functions. Special notation for these combinations:

Addition: (f +8)x) = f(x)+g(x)
Subtraction: (f—g)x)=f(x)—g(x) K
Multiplication: (/2)(x) = f(x) e g(x) (2
Division: (iJ (x) = M g(x)#0
g g{x)
Example: f(x)=x+1 g(x)=x"+6x+5

2‘ AV IS
(F+a)) = L) t909 = xv + xBedidb T = XEpFE+4
There are 2 ways {0 evaluate this, say, at x=2:
1) Plug 2 into each function first, then add results: 2) Plug 2 into the generic combination function:

@)= (24 =3 ---f(x):-x;l
g(2)= (2 ro(n = g(x)=x7 +6x+5

2)= {2) (f+g)(x)=x2+7x+6.
S+ =421+ 9(z AN

Note: this is not muliiplicatior=="this is function notation with input of x (plug x into equation)

Example: f(x)=x+1 2(x) = X" +6x+ S
(. €050 L1 [T
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" Domain of arlthmetlc combination of functions = }?m% Lososions f’ ke @ u_:*«** §

Example:.f(ic)é-\/; g(x) \/4 x fmd( J(x) and its domain.
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- HAlg3-4, - 1.4 (day2) Notes— Combinations of Functions

Arithmetic combination of functlons

.._....u.,,_,.,

- (m_j =y 5

Composition of functions... ;f
e ‘ e L Emnfal T
w375 Pt £ 1= +( 70) Fechion
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flg(x))=(f2)x) “fofgofx” “composition of f with g"

h(a(x)y=(hoaXx) “hofaofx’ “composition of h with a”

 Examples: f()=x  g)=r+l (fa@)®)=L(9(3) =£L)= ( 0= 1k
e a(3>-~ 2=

w;—.:-rm—-"’

. ~ )
3 iﬁl ()= w1 kw%f;(sw =t ﬁ;fwj 5 6 =1

by 2
fR=r  g@=x+l  (Fogin=Lls(D) ab(¥H1) = (\MO = RAL T

T
J=  gwW=x+l  (ge)m=gEFO)F -9 (x9)= ()

e -;'Nt_)te:-. in general, (f o g)(x) # (go f)(x)

_ Try e
B . -
f@®=x  glx)=2x- 1 (fog)2)= + 7(;})*; 1{‘,(%)% (:?> =
[ . (‘L\)m Z,{
f@=1  gw=x+l  (fog)x)= qﬁ{jm) £ ()= 755
X
Identifying Composite Functions
putst N
J, = /,")SICQQ,
Example: A(x) = —= f(g(x)) , | .
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" Finding the domain of a composite function

To determine the domain of a composite

function, you need to restrict the outputs of g so
that they are in the domain of f.

.réng.e. of g,
domain of f  range of f(g(x))

domainofg

Exampie g(x)=x+1 J(x)= “1- C(feg)x) =
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Practical example of composite functions (example #10 in book
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—read it)




HAlg3-4, 1.5 (dayl) Notes — Inverse Functions

Inverse of a function: . -

' 'l“(x)=32~ X

1
Not M) —m
ote: [ (x) 0

Finding an inverse function'
1) Replace f(x) wuth y -

2y Swapxandy -
3) Solve fory

erlfymg two functlons are inverses:

Inverse functions Wtd@ £ach

A EXampie:' Ve'rify f(x)=2x+3 and f‘(x)=—12—:x——z— are inverses.

3

% éﬁﬁf \

Notation: inverse of f(x) is f'(x)

IV |
{@FM}[_"‘?’?’ sy bt F ) = invanrent-£

Exarﬁ'p.'le:': f'(.xj"—*.x+6 find f£7'(x)

2 Yt
4w b D_!ﬁqg;
g
joo =y f KI=X-6

S -] Put ene function in as the input to the other function and simplify. Since they ‘undo’ each other,
b the resuit should be just the input, x:

FU)=x

et £ (4
= 2{2 3‘*““}% 3

: 2R3 3
Practice problems: e
#1: Find the inverse of f(x)= 5-2. #2. Find the inverse of f(x) z(x 8)
i XA
5:£ Ky - 2K ¥ = 2 x4
K Yo g‘g’ f .
B A — xote =23 -
Y-t Y e A et s,.,‘*- - T
O A Al TR 3= 4047 /f (323542 _}
#3. Verity if the following are inverses: #4. Verify if the followmg are mverses
Flx)=3x+12 FX)=2x—6 .
;- (x)——x 4 F Xy =2x+3
P L
wd /NN D ey
—t LoD F ATy = (2005
£e [ey) = 5(@;‘;“& (47 e
, R 2t3) =6
My el b

N

w Yy

ot faesset




Graphs of inverses:

Use a calculator to graph the following functions and their inverses:

F(xy=2x+3

ol 3
Fr=5x3

B The gr'a.ph's:éf-'fhncﬁons and their inverses are:

Canwe find the inverse of flx)y=x*7

Fx)=2x" -1
fﬁl(X) = 3 le :(E;—_IJ(ZJ

etlectd ove, fire
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Not all functions have inverses. To have an inverse, a function must bé one-to-one, which
means every output corresponds to exactly one input.

Are these functions one-to-one?

e

f{x)=x+1

To be one-to-one, a function must pass the horizontal line test.
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“HAlg3-4, 1.5 (day2) Notes — Inverse Functions

Existence of an inverse

~ Not all functions have inverses. To have an inverse, the function must be one-to-one, having
only one input for every output.

Check for multiple inputs with same output, or use horizontal line test to determine if a function
is one-to-one and has an inverse.

Examples: ,
B | f#q L& !/if:?"'wi""k" ?i e M;f”«;'%’
10) ©4.05.cH.60)  S@=r gl
Cf?w« < bak %@;v’m g"ﬂ{m p 5 5 i ym g/’}\;a ff@/
‘/’0"\" i i (l/}o .;s/Lr@fSC’>

BT H'orizbntal and Vertical line tests

o -;
il = - ;;I;w’
p. v ”
4D ANl
5 NERes N
Verttcal Ime test ~ Horizontal line test . {;i.
Fest-whether is 2 fotmetiom teihs whethes hag an 1n20¢ (i
Domain and range of inverse functions 5 lavertable !
function f: inverse f':
domain: {3,4,5} omain: {121418}
range: {12,14,18} range: {3;4,5}

7 f’w ]
éﬁﬁ@% fé} mﬁg ?’wx«x wfﬂJ @‘5" b T
gk M[E mnfrfs:_ q:{? Qm&%‘?’%’g

: domain: [-2, 2] .range: [-3, 5]

1. domain [-3, 5], range: [-2, 2]

d?ﬁﬁ!f“"\ "{q




* Sometimes, you can find an inverse for a function that isn’t one-to-one by restricting the domain:
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