ﬁ -~ HAIlg3-4, 9.1 Notes — Sequences and Series '
{ Sequence - a list of numbers in a specific order

A )
e e ng»: 207 Lo

1, 3, 5 7, 9 11
A, 42, 93,94, 27, 9%

Sequences are like fungtjons where 'n’ is the input and the term is the output

q, =1
a,=3

Infinite sequence: infinite number of terms (goes on forever)

13,739, ., @ dorkiaued
Finite sequence: finite number of terms (only n terms) '
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Some sequences have a 'rule’ or 'expression’ or 'formula' for finding a term given n
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3 Some sequences have a rule for finding a term from previous terms (instead of from n)
: _These are called recursive sequences:

e Example: The Fibonacci sequence... 1, 1, 2, 3, 5, 8, ...

- Whatisthe rule? gach $ern |5 sum of 2 frffw"u.b ferms ﬁk Ay Ao {%/KZZ) :

Factorials For positive integer n,

" (na)ﬁg,z z‘ Examples: 41= Hi%v2. = 2Y

(é l_ff L//fgg Z-l' g ?‘—ZQ

On calculator: to find 6! 6, MATH, right arrow to PRB menu, down arrow to !, enter twice




| __-f’_"' B Finding terms of a sequence
' Given a formula for nth term — just plug in n:

Cli :5{0 -z 23
ngs‘(ﬂrla 3

25 (0) 22

Given a rule for recursive sequence, write starting term(s), use rule to find next terms: 4, =5

Example: Write the first 5 tefms of recursive sequence: & =5, a,=3(¢,+2) 4= (5=l
| Q5= 3(21+7) =61

Gy =3(¢1t) = 23

4y =T U3H+T) =445

$ 2, 67,205 25 Dy

Finding a formula, given the sequence
Sometimes easy to see...can help writing a line of 'n' above matching terms:
Examples: Write an expression for the most apparent nth term of the sequence:

niy 2 %17 T S
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Sometimes difficult to see a pattern, so we look for matches in a table of pafterns:

2, 3, 4 5 6,. 2™ =4, 8, 16, 32, 64, 128,..

4, 9, 16, 25, 36,.. 3n =3, 6, 9, 12, 15, 18,..
(n+1) =4, 9, 16, 25, 36, 49,.. 3 =3, 9, 27, 81, 243, 729,..
(n=1) =0, 1, 4, 9, 16, 25,.. 3 =1, 3, 9, 27, 81, 243,.
n =1, 8, 27, 64, 125, 216,.. 3™ =9, 27, 81, 243, 729, 2187,..
(n+1y =8, 27, 64, 125, 216, 343,.. nt=1 2, 6, 24, 120, 720,..
2n =2, 4, 6, 8 10, 12,.. (n-1)t=1 1, 2, 6, 24, 120,..
2" =2, 4, 8 16, 32, 64,.. (n+1)l =2, 6, 24, 120, 720, 5040,..
=1, 2, 4 8 16, 32,..
| a= bt oa vk
More examples: " \ 2 2 Y
1+1,'1+1,‘1+2, —7~?~, 1+&, 0, 3, 8 15 .
379 27 81 243 « .
2
i
32 Ap =0 — | \
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" Series = the sum of the terms in a sequence

Sequence: 1, 3, 5, 7

Series: 1+3+5+7=16
Summation (Sigma) Notation

"
%/‘:ﬁg> Cllt +a,+a,+da, et a ot a, = -_>_ a; i = 'index of summation' y
g _ “‘." =1 '

n = 'upper limit of summation'

_ G} QG +ay+ayta, et = Zai 1= ’I?wer limit of sumamtion'
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Z(a +b)= Za +Zb>

i=1 i=l

3 (a-b)= Za Zb

=1
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Use Sigma notation to write the sum: —%+i~——}8—....—% i ( ré( ’Q’“g:'i’
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A deposit of $100 is made each month in an account that earns 12% interest compounded
monthly. The balance in the account after n months is:

4,=100001)[ (101) 1], n=1,23...

(@) compute the first six terms of this sequence.
(b) Find the balance in this account after 5 years by computing the 60th term of the sequence.

(434 a%fwf)[(;af)“ IENEIN: (b Spears L2mon - Go manih,

A = a0 o0 = 20301 o

Ay =12 G lioif 43 = Jatov
Ay gsgﬁmq)ﬁfm}?ﬂ@ NS

e o (190 L0 55770
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~ HAlg3-4, 9.2 Notes — Arithmetic Sequences and Partial Sums

f&\ Consider this sequence:

a2

?}1’ 1, 4, 7, 10, 13, 16, .
i N NP R »
4B 43y +3 43

”ﬁmuwg{;;! s Sransitea of} £~§% SRR

This is an arithmetic sequence. A sequence is arithmetic if the differences between
consecutive terms is a constant, which is called the common difference.

Examples: Determine if the sequences are arithmetic and find the commoh differences.

#1. -12, -8, 4, 0, 4,. #2. 9,6, 3 0, -3, ...
B D i P MY Sl g
FU ot it Rt I

A=y , gs=?

#3. Find the first 5 terms and determine if the sequence is arithmetic: a, =(2"})n
: -: gg,? = }fw =& l oy
@3 3’{2 »)a ﬂ‘zf\f
4.1 = (2‘?)9‘:‘ é’ b
A= (35 1o
_.ormulas for nth term of arithmetic sequences: Three formulas...

ot arithaeh ¢

.___-1).a—a+(n 1}d
' T — nov 50 q, =a, when v=1]

2) a,=dn+c, wherec=a,—d cisthe 'zeroth'term (textbook's formula)
A, =a +(n-)d
=+ dn - d

3) a,, =a, +d (recursnve formula)

Example: Find a formula for the nth term of the arithmetic sequence whose common difference
is 3 and whose first term is 2.

A=3 Qr,::@ 4’(“%')&!
ﬂi’;}ﬁz’ , an = éwim{i‘w}?’j
T
Apz 24 3n=3
e ‘-“’“”"‘””':"'WM;M m?
4, = =l +on




"I:E'xample: The 4th term of an arithmetic sequence is 20, and the 13th term is 65. Find a formula
“for the nth term.

4",‘1 - B ‘PI"I q\fﬂ“ﬁ& ﬁ‘:}- “U’ ?;‘5_ ﬁf;a Q.;g , T,;? f%a;;v.
f;g& 2n e = A “z}” FAAY- B { )g““—g
- ReE ‘ . Sy oz & 4+ {n-~
% > ﬁgsﬂfffﬂfﬁ« 5?4’{ ‘:«‘ﬂ” ay\ﬂ~ "(;h o} (5"1 “""F}ég{ j‘ z
=l3-=d =ad d=ov 2o = 4,  (M=15
25;5% A, E%??S i Q(f 5 4,*..‘. ;
Example: Find the 7th term of the arithmetic sequence whose first two terms are 5 nd 9 '
0‘ 9.7 = Q—\ @ﬂ_fﬂ;é f—[ﬁg_"‘”f}ﬂ! & = ??{%“‘);}_
q,= 2 PR S - & + _
y "%-"’E'” < v Q.}:;Z-}»@ﬁ?
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Example: The first two terms are given, find the missing term. ¢, =3, a,=9, a,=7
A=t = N {
Aq = 37 4 (a‘z 3
Az 24 -k Ay = Lj p,

Practice: Find formuias for the arithmetic sequences:

L a,
#1. a,=15, d=4 | #2. -6,-2, 2, 6
TP w-v";f? mﬁ"?
LA F A 7—[”'”"’)‘?( A _M
“ NG oy embet L0 |
Wﬁ, = ““—vm-aesww o
(= T ) raaom ]
#3. 0, =2 ap=0% o ,
& gy, . v def e Y =
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~a Ao €2 deans] aqq = 4, ~z-DED @Qi :["'”’
~az3d d=-3 =, — 6 o7 s
a,z o2 Ky =hoe =5, 2 3 giﬁf—é

Sum of a finite arithmetic series (partial sum of an infinite arithmetic series)

5;1+3+5+7+9+11 = 34
§ {-QLW%? + 5 A4

25 = éé‘?
¢ - %é(ﬁ/) =% m{a:}g )
Snea(aﬁan)




&iﬂ = e:;i‘l téwfwé‘a““g}%!

‘Example: Find the partial sum: -6, -2, 2, 6, ... n=50 . _ ./ 4/ o):
 Examp p R A, s b +{a-1)"
. A il B
| gy 56+ (sa-Nq = 190
,:/'; y‘g ] . 5
§ e = Wi@i;&{‘f%é mﬁ.ﬂ?“? ‘} ST—
- s R LY e
Try these: iﬁ;ﬁﬁ‘ = cﬁgé ~6 + 192) ngiﬁ*’g
#4. What is the sum of integers from 1 to 100. o
S Al g (e [Fos)
ql"‘@ ={oe ’
" .
55@32:(@_;"‘%@4
. Wwg 3 ) {:}' - Eﬂ g? {5 _raz .o
#5. Find the sum: > =—" A,= o e 5 - 5;3;“(?; “?Zf) :%-
=1 ] 6 » (}9 mﬁ"ﬁ? - nZQéLﬂ !9@
@53‘3 = % - W?;; i

ﬂ?%“!"*“”)

Example: An auditorium has 40 rows of seats. There are 20 seats in the 1st row, 21 in the 2nd
22 in the 3rd, etc. How many total seats are there?

A, =4, + [M ‘*I\)ﬁ!

4‘1& :z.j"”z‘i_{%yu Ap = 224 (va)i

Ay
Ry = [4+n

6(‘1.7:; (9442 =59 i
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Example: Consider a job offer with a starting salary of $36,800 and an annual raise of $1,750.
a) Determine the salary during the 6th year of employment.
b) Determine the total compensation from the company through 6 full years of employment.

Qg—: E{ 8o

A=y

a,, = 36§92 +{n=) 1350
Ay = el +(6) PP
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E Alg3-4, 9.3 Notes — Geometric Sequences and Series

" Consider this sequence:

5,

2, 4, 8, 16, 32, ...
7@\..—-‘?‘,@

X”Z/ %2 w2 wa @ il 2. COMW[D-"\ rq‘H«'D

al, a1r, ar , ar, alr seee
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_ ThlS is a geometric sequence A sequence is geometric if the ratios of’ consecutlve terms is a
constant which is called the common ratio. éf)

.' EXampIesz Determine if the sequences are geometric and find the common ratio.

©#1. 12, 36, 108, 324, .. #2. 1, 4, 9, 16,

e N — >
%ﬁég 2wz B

mple Wnte the 1st 5 terms of the geometric sequence whose 1st term is 3 with common

o - - ] = 3(2, = 2 Ao
. = £ l § - .
"?? T 3¢ 7 ﬂgﬁe)u . )3’6, :21"2'4, ‘!S’, _ —z
o ?Cg,,:) 2 b2
ffzw 3(2)

1 g
Gy 2y =¥

EXafhpie: Find the 15th term of the geometric sequence whose 1st term is 20 and whose
common ratio is 1.05. ;e
QM = Ze (h‘:ﬂ)

. {5
By 5 20 (fm ‘;,\3 = 29 54954,

T

v 4

'y 4
Bea%af{ple Find a formulag for the nth term of the geometric sequence: 5, 15 45,..
What is the 9th term of the sequence? :”Eﬁ g“j a1
4, wﬁ”ﬂ»a a5 1"
&, sf%
25 S 2= = 32903
125 "
Example: a, =125, g, :a Find the 14th term (assume terms of sequence are positive)
lo~f - - } ‘LH v
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Sum of a finite geometric sequence

S =a +ar+art+ar...+ar”

" L
—rS = alr+a1r +ar ..... +ar”™ +ar”

S . " )= 03 )ﬁ
=¥ N\ = L -
Example Find the sum: 2,4(0 3) [é — )"‘ Lz R '

n=1 "

-4, f”[M) z r=03,nz=lL
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For a,= a]rnfl , converges if M <1 If geometric series converges, it converges to:
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Chaok lried ;Lrndene)

| =, WJ T | wﬁ(\ - Yo - o Zx
~.-'Examples: Find the sum: g 40(0.6)" =T T Ties- [oo

o N
{ 51, = Yo {‘@a é>
| v, @Y e
CEvs — R
@P%-ﬁﬁé\ﬁﬁ@ p= P15
C@;cjaposit of $50 is made on the first day of each month in a savings account that pays 6%
pounded monthly. What is the balance of this investment at the end of 2 years? (2 oS

o tthe endo
bﬂfg;;f-#. - $D (l+’%%; 2 _ <o (ll,oas‘)zﬂi & i oy 2M Braaih Jaiensy Inleoctt |
L — Fnite Goonehic serizs (rurerre ocde )

Lo ahidd s éj ‘ .,\‘5?"‘3
S hrem plican i PR B :
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? B by o A s

oo F\\f\( 10 1 i1 o g A A dam 1 k [yt
. UFind the sum: 2,5 —5) = A7) Find the sfm: 210 3 =4 (’“,,;, )

'.: . . _” . f‘- {m‘;ﬂ ‘E‘-’hﬂ_ . ! _ {m’l’-\)lg _ é , {'} é‘c?’jey - .
30 S [ =]3,*S 4 - 3 - ’ 5 3
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Use s_ﬁfh'mation notation to express the sum:; TH1A+ZE+28+. . +896 g

Y v a =%
. Qn:ﬁ:‘r\ F\*E ‘d“jﬂm“M-—mmm ! i
et i (2 f2s ="
— A =} " Jfﬂ f% qﬁ(z ] ey
28 = 2" he B n= I
b9 Yoy w ha 2" 2 T - PO
RWenys X wes T - G ot
}?J‘ng - o . . 4 8 16 i
Find the sum of the infinite geometric series: ,2;‘5 “9—“‘27
_‘l‘/i - “"ih.,;,_.?; ,.»"’”E— ,aw}» ~::f::f «-,"”“Z“ |
r="= -39 "3% "¢ % o ) e e
= A VT N T A Ve
Ir)c! Gndrgel, o S ?:%;ﬂ gm_&(w% H% R 5 D

#91 (homework) A company buys a machine for $155,000 and it depreciates at a rate of 30%
per year (at the end of each year, the value is 70% of what it was at the start of the year). Find

the depreciated value of the machine after 5 full years.
mw\’{;}p{l‘ér ’é‘r Qj\ﬁﬁ?& a\.‘f} =Y gfgﬂy 5) @l".'.’,;')a o 3‘9‘?
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