AP Calculus BC — Unit 6 Required Practice Name:

6.1 — Required Practice

#1. Verify x=-2 isasolution to x> +x=2

#2. Verify y=x""+3x? isasolution to x’y”"+9xy’' =20y

#3. Find the solution(s) for % =0.1xvx* +1



#4. For the differential equation xy" + y' =0

a) Verify that y =C, + C,In(x) is the general solution to the differential equation.

b) Find the particular solution by using the initial conditions y(2)=0, »(2) =%

2
#5. Given the differential equation y’=: and the initial condition y(1)=8

a) Find the general solution
b) Use the initial condition to find the particular solution

c) Use the differential equation to sketch the first quadrant of a slope field for the differential equation.
Include lineal elements for every 2 units in x and y from (2,2) to (10,10).

d) Use your calculator to graph your solution curve and add it to your slope field.



Determine whether or not the given solution is a solution to the differential equation.

; Differential Equation: y'=5y Differential Equation: 2y+y'=2sin(2x)-1
#6. #7.
Solution: y = Ce™ Solution: y =sin (x) cos(x) —cos’ (x)

o Differential Equation: xy'—2y=x’¢e"
" Solution: y= ln(x)



#9. Verify the given solution is a solution to the differential equation. Differential Equation: y'+6y=0

Then use the initial condition to find the particular solution. . _
P Solution: y=Ce™*

Initial condition: y(0)=3

Use integration to find the general solution of the differential equation.

#10. Y 1022 #11. )’ =sin(2x)

dx



dy 2x
#12. Sketch a slope field for the differential equation d_y =
x

#13. Match the slope field with the differential equation:
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. Include at least 6 points in the first quadrant.
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6.2 — Required Practice

#1. Use Euler's method to obtain a four-decimal approximation for y(l .5)
on the solution curve for ¥ =0.2xy with y(l) =1

Let's set h = Ax = 0.1, taking 5 iterations to reach from x=1 to x=1.5:

(x’y) ynatr :ycurrem‘ +f'(x09y0)Ax

#2. The table gives values of f'(x), the derivative of a function f(x) . Iff(l): 4

what is the approximation to f(2) obtained by using Euler's method with a step size of 0.5?

x| S
1 0.2
1.5 DS
2 0.9




#3. Use Euler’s method to approximate y(0.4) where y(x) is the solutionto y' =x+ y if y(O)

(use 4 equal size steps)

#4. The table gives values of f'(x) , the derivative of a function f(x) If f(2) =5

what is the approximation of f(5) obtained by using Euler’s method with a step size of 1?

2.

% f'(x)
2 05
3 0.3
4 0.2




6.3 — Required Practice

#1. %sz

#3. 2xy'—In(x)=0

y(1)=2

#H2.

&[S



#5. Vx+yy'=0 y(1)=9



Find the general solution of the differential equation. If an initial condition is given also find the particular solution.

dr
#6. —=.75r #7. "=4sin(x
" » (x)

#8. 1-4x*y' =x #9. »/'-2¢"=0, y(0)=6



I
—_

du )
#10. - :uv51n(v2), u(0)

#11. 2xy'—ln(x2) =0, y(1)=2



. . . . : dw
#12. A calf that weighs 60 pounds at birth gains weight at a rate given by 7 = k(1200— W)
t

where w is in pounds and t in years.

a) Solve the differential equation.

b) Use a calculator to graph the particular solutions for k=0.8, k=0.9, and k = 1.

¢) The animal is sold when its weight is 800 pounds. Find the time of sale for each of the models in part b.
d) What is the maximum weight of the animal for each of the models in part b?



6.4 — Required Practice

#1. The population of bacteria increases at a rate which is proportional to the amount of bacteria. A culture initially has
200 bacteria. At t =1 hr, the population of bacteria has increased to 300 bacteria. If the rate of growth is proportional
to the number of bacteria present, determine the time needed for the bacteria population to quadruple.



#2. A murder victim’s body is found by detectives who wish to establish the time of death. When the victim was alive,
their body temperature was 98.6 °F, which begins cooling towards the ambient temperature as soon as death occurs.
This victim was found in a building with air conditioning which maintained the ambient temperature at a constant 78°F.
Detectives arrived on scene at 6:00am and found the core temperature of the body to be 84 °F. Core temperature was
measured again at 6:30am and found to be 83 °F. What was the time of death?



#3. Write and solve a differential equation for the statement “the rate of change of Q with respect to t is inversely
proportional to the square of t.”

#4. a) Write and solve a differential equation for the statement “the rate of change of N is proportional to N.”
b)If N =250 when t=0 and N =400 when ¢ =1 what is the value of N when t = 4?



#5. Radioactive element 2%°Pu has a half-life of 24100 years. If the amount remaining after 10000 years is 0.4 grams,
what was the initial quantity?

#6. Aninvestment has interest which compounds continuously with an annual interest rate of 12%. How long does it
take for the amount invested to double?



6.5 — Required Practice

#1. The wolf population has unrestricted growth in a forest. There are 20 wolves at t =0 months,
and 40 wolves at t = 10 months. What will the wolf population be at time t = 40 months?

#2. The wolf population grows in a forest which can only support a maximum of 100 wolves. There are 20 wolves
at t = 0 months, and 40 wolves at t = 10 months. What will the wolf population be at time t = 40 months?



. . . . dy _ 2 . .
#3. A population y changes at a rate modeled by the differential equation ; =200y —0.2y" where t is measured in
t

years. What are all the values of y for which the population is increasing at a decreasing rate?



#4. Attime t =0 a bacterial culture weighs 1 gram. Two hours later, the culture weighs 4 grams. The maximum weight
of the culture is 20 grams.

a) Write a logistic differential equation that models the weight of the bacterial culture.

b) Solve the differential equation.

c) Find the culture’s weight after 5 hours.

d) When will the culture’s weight reach 18 grams?

e) After how many hours is the culture’s weight increasing most rapidly?



#5. Match the logistic equation with its graph.
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#6. P(t) :W models the growth of a population.
+ 2%e

a) What is the carrying capacity and constant k, for this model?
b) Find the initial population.

c) Determine when the population will reach 50% of its carrying capacity.
d) Write the differential equation for which the given P(t) is the solution.




dP
#7. 7 =3P —0.03P* models the growth of a population.
t

a) What is the carrying capacity and constant k, for this model?
b) Solve the differential equation given P(O) =10

c) Determine the value of P at which the population growth rate is the greatest.



#8. A conservation organization releases 25 Florida panthers into a game preserve. After 2 years, there are 39 panthers
in the preserve. The Florida preserve has a carrying capacity of 200 panthers.

a) Write a logistic equation that models the population of panthers in the preserve.
b) Find the population after 5 years.

c) When will the population reach 100?

d) Write a logistic differential equation that models the growth rate of the panther population. Then repeat part b using
Euler’s method of approximation with a step size of 1. Compare the approximation with the exact number.

e) After how many years is the panther population growing most rapidly? Explain.



Unit 6 Test Review

Solve the differential equation by separation of variables:

#1. %nyz if y(1)=3.

. %=(2+x)y2 it y(2)=4.

#3. xpy' =3+x" if y(l):Z.

#4. ”cll—szP if P(0)=20.

t
45, %=0.5y—0.004y2 if  »(0)=30.

Exponential Growth/Decay problems:

#6. When a child was born, her grandparents place $1000 in a savings account which earns 12% annual interest
compounded continuously.

(a) How much money is in the account when the child is 20 years old?

(b) At what time had the $1000 doubled to $2000?

#7. A radioactive sample which contained 50 g of mass at time # = 0 decays exponentially. After 75 days, the
mass of the sample has decreased to 30 g.

(a) Write a differential equation which models this scenario.

(b) Solve the differential equation to write remaining mass as a function of time.

(c) What mass remains at ¢t = /00 days?

(d) At what time was the initial mass reduced by 20%?

#8. A rabbit population with an initial size of 500 rabbits grows at a rate proportional to its size.
(a) Write a differential equation which models this scenario.
(b) Solve the differential equation to write the population of rabbits as a function of time, if there were
1200 rabbits at ¢ = 10 days.
(c) How many rabbits will there be at # = 50 days ?
(d) When was the rabbit population 900 rabbits?

#9. A large manufacturing firm’s training department has found that the number of minutes it takes assembly
line workers to build a product decreases over time as the employees become more experienced, and that the
time to build a product (in minutes) is inversely proportional to the number of days they have been building this
product.
(a) Write a differential equation which models this scenario.
(b) Solve the differential equation to write the number of minutes to build a product as a function of
days of experience, if it initially (in this case, the first day when 7=1) takes employees 45 minutes to
build the product, but they can build the product in 10 minutes when they have 30 days of
experience.
(c) How many minutes does it take an employee to build the product after 10 days of experience?
(d) How many days of experience will it take for an employee to build the product in only 6 minutes?



Logistic equation problems:

#10. A virus spreads throughout a population according to the logistic differential equation

Y _ 0.5y —0.004y*> where y is the number of people in the community who have been infected with the virus

and ¢ is the time in days.
(a) What is the size of this population?
(b) If 1 person is initially infected at7 = 0, find the solution for the differential equation.
(c) At the time when the virus is spreading most quickly, how many people have caught the virus?
(d) To the nearest day, how many days will it take for half of the population to be infected?
(e) Draw and label a sketch of the graph of y as a function of time. (Label any significant parts)

#11. The rate of growth in a population of rabbits in a forest is proportional to current number of rabbits, but
there is a limit in the food supply, so it cannot grow without bound. The carrying capacity of the forest is 40000
rabbits.

(a) What is the logistic form differential equation which models this situation?

(b) If there are 500 rabbits atz = 0, and 2000 rabbits at t = /0 days, find the solution for the differential

equation.

(c) To the nearest day, how many days will it take for the population of rabbits to increase to 20000?

(d) At what time is the population of rabbits growing most rapidly?

(e) Draw and label a sketch of the graph of rabbit population as a function of time.

Euler’s Method approximations:

#12. Given ?:2x+3y and y(1)=3
x

use Euler’s method to approximate y(2) using increments of 0.2

Sketch slope fields:

#13.  Sketch a slope field in quadrants 1 and 2 for the differential equation % =—x+2y
X

(include lineal elements for at least 15 points in your sketch)



