AP Calc BC — Lesson Notes — Unit 1 : Limits and Continuity

Unit 1.1: Finding Limits Graphically and Numerically
The idea of a limit

The idea of a limit; A limit exists if, as you get closer and
closer to a specific x-value {but not reaching the x-value), the
y-value of the function approaches the same number whether
you approach from lower or higher x-values.

Here is a more formal definition of a limit:
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Read:

This means:

For all x approximalely equal to ¢, but not equal to ¢,
the value f(x) i1s approximately equal ta N.

“The limit of f of x as x approaches ¢ equals the number N."

The 3 methods for evaluating limits

There are 3 ways to evaluate a limit. Let's evaluate this limit using all 3 methods
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1) Numerically. Plug numbers into the function getting closer and closer to the target s-value Note: you must plug in
numbers from both below and above the number, because they may not result in the same value

From the left {from lower values)

i = 4 45 4.9 489 4999
=35 _ g9 9.5 9.9 998 9999
=5

.. ¥ =25
lim =
s X

Fram the right (from higher values):

b = ] 5.5 51 5.01 5.001
¥ =15
= = 110 10.5 101 10.01 10.001
L
. X =25
lim =
a5 y—38
Lo X =125
lim =
T-»5 x_j

Work this one in your practice packet.
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The 3 methods for evaluating limits o s

2) Graphiecally: If you graph the function, you can visually see what number is being =5 x—5
approached from the left and the right:
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8 = o Mote: although graphing lechnalogy
often won't show it, there is aclually a
mole in the domain right ai x = 5.
£
But that doesn't affect the limit
/ i value. The limit is the value being
4 . X"=25 approached, not the value right at
I|ng 3 =10 %ub
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Some limits do not exist

For a given function, it is possible that for every x there will be a imil for the function at that x. But it i very common
for functions to have some & values for which there is no limit (the imil does not exist)

Things that cause a imit not fo exist at a given x value:

1} If{he value being approach from either left or right is not a number {is, for
example, infinity because we are approaching a vertical asymptode)

2} If the values being approached from the left and nght are both numbers. but they
are not the same number.
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The 3 methods for evaluating limits

3y Analytically. If the function s well-behaved in the region of the target ®, sometimes we
can find the value being approached by simply plugging the target value iself into the
function:

#3 ﬁm.'l.'_ -25 _
el g =5



The 3 methods for evaluating limits
3) Analytically, Bul somelimes plugging In the targe! x results in something undefined

2
#4, lim>—2 _

=5 oy —5

If we can't plug in, we could just go back to using numencal (table) or graphing to evaluate. Let's graph this in a calculator, VWhat yv-value appears to
be approached when x is near 57

If we just plug 5 in for «... 12 /
(5 -25 0 -

(5)-5 0

the function is undefined {(because x=5 is not in 8
the domain of the function)

But the graph doesn't look like there is a ‘problem’ at x = 5
(there is no verlical asymptote here}. So before we plug /
d

in x=3, we can fry any algebraic simplification technigques Tt =25
wie can think of to find an equivalent algebraic expression lim =10
for the function. Here, factoring would wark: i x5
x-25 E::r—i]l:x+5]_x+5
x-5 {x-5) o 7 T |
Eimr —23 =limx+5=(5)+5=10
A x—ad

This is the fastest and most convenient way lo find a limit, so we usually try this first and only
resort to using graphing or numerical methods when needed (or when directed 1o by the
problem).  In the next section, we will learn additional algebraic simplifying methods we can
usze besides factoring before plugging in.

Sometimes, you can use synthetic division to aid in factoring...

#HE.
45 iir.?ﬁz P, G #7. 11151:3‘_‘]=
f(x): 2 x=1
3x x>1
lim f(x)=

x—»1



Unit 1.2: Finding Limits Analytically
Methods for Evaluating Limits [EhomiHidESerEenIhade|

1) Numerically (table of values approaching from each side)
2) Graphically

3) Analytically (plug in target value)
If result is undefined, can try...
« Factoring / synthetic division

Propertles of Limits

Our textbook defines a number of useful properties about limits. Here is a sample of the
most important ones

limb=45 Ifyouare taking a limit of a constant, the limit is the constant for limits at any x.
e

limx=¢ Youcan plug in the x-value to the function to determine the limit (if well-behaved).

Xhi:

. f : When evaluating limits with multiple

E‘T[I(I) = g{x):l > LIT"((:] -2 ].1.15—18 {I) functions, you c%n combine the r?esulu; of
the separate limit calculations

iim[f(x]-g{x)] = ]imf[x)-limg(x) algebraically. This also applies to

& o L algebraic operations on a single
limit...compute the limit, and apply the
algebraic operations,

. . If you are taking the limit of a compaosition of functions,
lim f(g (x)) =f|limg (x} you can take the limit of the inner function and then
T xore

apply the outer function to the result.

examphe..

, 1 v 1 ; [

lim. — = [lim| — The limit of the square root is the square root of its
xlt Y T30 limit.”

Here are some other techniques for evaluating analytically...

#1. Evaluate the limit i 1) Numerically (table of values approaching from each side)
. 2f(x)+l
lim——— g(x)
2 4—g(x) 3 2) Graphicall
2 3) Analytically (plug in target value)
If result is undefined, can try...
A =« Factoring / synthetic division
/(x) « Rationalizing (when you have a radical)
0 2 3 4 = H et
/ \ « Special trig limits
#2 xz —-81 Evaluating Limits by using the 'special limits'
" limEY—— In some cases, we can rearrange an expression to factor it into one or more 'special limit’
x x=-3 form where we have 'pre-evaluated' the limit using a graph...these special limits are
_sin(ex) cx cos(ex)—1
1 =1 =1 : =
e Wsin(e) L =0

Example: Evaluate the limit  1im

#3, - cos(x)tan(x) _
230 X

(You need to memorize these special limit values)

tan(3x)
x=0 tan(5x)



The Squeeze Theorem

hix) = fix) S gix)

Sometimes it is difficult to evaluate a limit directly, but you can show that the f

function's value in an interval is always between two other functions whose limits
are easier to evaluate If these other two functions evaluate to the same

value, then the given function in the middle i1s 'squeezed' in between, and must
also have the same limit,

flies in here.

Here is the formal theorem:

If h(.r) L4 (x) < g(.x] Jor all x in an open interval containing c, | e
excepl possibly at c itself , and if
lim h(x) =L =hm g(.x)

kL b S Tl

then lim g (x) exists and is equal to L.

ke

#4. Use the Squeeze Theorem to show that lirrg x cos20mx =0.
P

Illustrate by graphing the functions
f(x) =-4, g(x) = x* cos 20z x, and h(x) =’

on the same screen.

#5. Evaluate lim f(g(x)) y=7() r=5(:)

\ ]
A




Unit 1.3: Continuity and One-sided Limits and
the Intermediate Value Theorem
Definition of Continuity of a Function

A function can be determined to be continuous or discontinuous at every x-value in its domain. The
general idea of continuity is that a function is continuous at an x-value if, as you are drawing the function from
left to right your pencil stays on the paper as you go through this x-value:

This function is said to be continuous over the interval (a, b) because, for every value ¢
in the interval, there is no 'break’ in the function.

Definition of Continuity of a Function
A function can be discontinuous at an input value in various ways which are labelled as follows:
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1 ! i
i : ! -, i

- - 1 - >
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Jump discontinuity infinite discontinuity
removable discontinuities nonremavable discontinuities

A discontinuity is called 'removable’ if the function can be made continuous by appropriately
defining or re-defining fat . {If you could change things so that the 'hole is filled in".)

Verifying/Proving the Continuity of a Functionatx =c¢

Conditions for a Function to Be Continuous at ¢
To sumumarize, a function {15 contumons at ¢ provided
that three conditions are met
Condition 1 f{¢) 15 defined.

thiat 15, ¢ 15w e doman of the fuction
Condition 2 !ux}_:'i X ) exists

Condition 3 lun f(x)= fc)

Y

el
| N

| x x
fis discontinuous at ¢ fis discontinuous at ¢ fis discontinuous at ¢
(violates condition 2) (violates condition 1) (viclates condition 3)



Verifying/Proving the Continuity of a Functionatx =c

Determine if the function is continuous at a

f(x)=

X =2x—

x—4

sl

g itx#=4

ifx=4

a=4

Determine if the function is continuous at a:

f(x)=

x=2x-8

x—4

ifx=4

a=4

ifx=4

Conditions for a Function to Be Continuous at ¢
To sununarize, a function f 15 contumons at ¢ provided

that three conditions are met:
Condition 1 f{¢) s defimed,

that 1s. ¢ 15 m the domam of the function
Condition 2 Lim f{x) exists

Condition 3 lun f(x)= f{c)

K=

#1. Is g(x) continuous at x=27 Is g(x) continuous at x=37

XX x<?2
g(x)=1-3 x=2
3x x>2




Determine if the function is continuous at & Adjusting a function to make it continuous

f(x)=In | x— 2| a=72 #2. Find the constant ¢ that makes g continuous on (—m, oo)

_[#* -t ifx<4
g(x)= .
cx+20 ifx>4



The Intermediate Value Theorem

If [ is continuous on the closed interval |a,b), [ {a)# ¥ i (.-5),
and k is any number between (a) and [ (f:}, then there is

at least one number c in|a,b| such that [ (c) =k.
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Note: This theorem doesn't provide a method for finding the value(s) ¢, and doesn't indicate
the number of ¢ values which map to &, it only guarantees the existence of at least one
number ¢ such that f(c) = k.

#4. The height of an object changes
with time as described by the function
h(t)=2t-3r+10
Can you guarantee that there is a time
f(x) =X +2x—1 value, tin the interval [0,2] at which the
height of the object is 4? Explain.

#3. Use the Intermediate Value Theorem to
show that the following polynomial has a
zero in the interval [0, 1].

The connection between limits and asymptotes
x+2

#5. Find the limit and any asymptotes: lim
=5 x— 9§



Unit 1.4: Infinite Limits, Limits at Infinity, and Asymptotes

Infinite Limits

An Infinite lmlit is a limit that, when evaluated, is increasing without bound to +o
or decreasing without bound to —oo . Technically, thesa limits Do Mot Exist
because they are not numbers, however we usually do indicate whether the

value is approaching positive or negative infinity.

There are three general situations where we see infinite limits:

rx—=c X =3 00 (1 X —» =00

i sore Rational Functions in Ratianal Funcbons
wihiere numerator gets larger

where denominstcr goes o zero
fasier than fhe denominatar

X =208 X —F—o0
in Polynomials

1
2 3 E a v X
limx'=—0  |limx’' =mw lim —— = —m I]im L
- e rad ¥—3 l‘ 2 ox—3
al a Vertical Asymplole
x=73

Limits at Irlflnlt)f |§I"IDW.-'HIGE SCreen hhﬁdel

A llmlit at Infinity is a limit where x is approaching either +cc or —o0

When evaluate limits at infinity by imagining what will happen as x gets very large (either in the
positive or negative direction). The resulting limit value may be zero, a constant, or an infinite
limit, depending upon the function:

X —=y0Or X —»—m

X —»o0OF X —F —a0
in Exponentials

in Polynomials

i

Horizantal Asymptote | *| Horlzontal Asi-rnpt:te
lime* =0 lime" =m0 lim ¢ = lime =0

Kb P

. as x approaches either posibive or negative infinity the value of
the limit approaches zera or any other constant, then there is a

honzantal asymptole al this y value

lim x' == |Jimx’ ==

e ] L=

you get an infinite mit

Evaluating limits without graphing

For many limits, you can evaluate without resorting to graphing the function.._just consider what
happens as x approaches the target value.

5
- y 3
lim— lim x*(x—1)
rm @t e
Here, two number which are

The numerator and denominator
multiplied are both getting very

are both getting very large: 3 !
large, but because x is negative
o0 Ihisis an indeterminant form (the and one is squared but the other is
—  numerator and denominator are not, we have,
o0 ‘fighting for control’}
()
...In this case, the exponential
increases faster than the power, - 500
50 the denominator will eventually
be much larger than the numerator: lim x* (x—1)=—w
F

b =g
o



Evaluating Rational Function limits

If you have a limit of a rational function with polynomials for numerator and denominator, three
things can happen:

numerator degres s larger;
. .ﬁl— =2yt
lhm ————

v 3t oyt

x4t =2y

£pa 314 _x3

im 2 +x' -2 |2
y=23 == 3x-x

numerator degree is smaller;
. 2 +x'=2x

lim <

2 3 x

Evaluating Rational Function limits without graphing
There is a procedure you can use to evaluate rational function limits without graphing.

= |f numerator degree is higher than denominater, then the limit is an infinite limit
(be careful of the sign),

= | denominator degree is higher than numerator, then the limit is 0

» [fthe degrees of the numerator and denominator are the same, divide every term in
both the numerator and denominator by x™9=e TEEMRAT Than cancel within each term
and all terms with a constant over a power of x go to Zero.

L i_ 5 i
lim X L =X divida avaryining by «*
i ' I
!
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S 35’ —x 61 +5¢

#1. lIlm—— lim — #3. im ————
s # e 4 2x+] ~>-a(1-1)(2¢ -3)
&, L. £ #5_ Find the horizontal and vertical asymptotes of the curve,

Check by graphing.

x—sm

2 +4
V= —
x° =1



