AP Calc BC - Lessoh Notes — Unit 1 : Limits and Continuity

Unit 1.1: Finding Limits Graphically and Numerically
N The idea of a limit

The idea of a limit A fimit exists i, as you get closer and |
closerto a specific w-value [but pot reaching the X-value), the
y-value of the function approaches the same number whether
you approach from lower of higher x-values.

Here is 2 more formal definftion of a ik

lim f(x) =N
Read:
*The limit of f of X as X approaches ¢ equals the number N
This means:
For all x approximately equal to ¢, but not equalto ¢, : . L
the value 1(x) Is approximately equal to N. e e ths 30 X
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The 3 methods for evaluating limits X7 1 _gs %36t
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There sre 3ways to evaluale 2 imit. Lel's svaluate this Hmit using alf 3 methods: i‘ff} e i

1) Nemaricaliy: Pl nombers into the funclion getiing chosor and clossr to the tanget Xvaius, Motsl you must phig in
siers froms bolh below and above The number, becanse thay may nol result in the same value.
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The 3 methods for evaluating limits : P28

2) Graphically: If you graph the function, you can visually see what number is being A ]
approached from the left and the right; '
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2 ; aftmn won't show 3, there i acluslhy 2
sl b dhe domaln dgld al v = 5

But that doesnt affect the it
value, The limd iz the value being
aperpached, not the value fdpht 2t
W B,

Some limits do mot exist
For 3 given unciion, & Is possible that for every x thers will be: 2 imit for the funclion atthat x, Bul it s very comimon
For Furetiong to bave sorme x valies Tor wiich there Ja no Ul (e it does niot exiet),

Things it cause & il not 1o exist al & givan x valie

1} i thve value belng approach from elther loft orvight e not a psrbir (s, for
wxample, nfinlty kmcauw wi ape approaching a vedicsl asymplote).

2} i ihe values being approached from e left and right are Both numbers, bat they
are not e same number.
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The 3 methods for evaluating limits

3 Apalytically: But sometimes plugaing Tn the target 2 resudls In something undufined

- b 5’({%"1’? i Ga)= (947 =
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e can't phug In, we could just go baok e ueing numerdcal (talde) or grmhmg o evaluate, Let's graph thisina ealeuia&m What v-value appears fo

be approached when X ig near 8%
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B wve Just plug & in for x...
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$he function ls wndelined (because w8 iz not n

ﬂw domaln of the function)

B fhe graph dosst ook ke theee s a'problen atx = 5

fthre B no verlical asymptote heral. So befors we plug

in n=5, we ¢an Iry any algebraic simplfication techniques

wee can think of to find an equivalent aigebraic expression
for the function, Here, factoring woulkd work:
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This is the Tastest and mont convenient way to Bind a lmit, sowe uaually try this fist and only
resot fo using graphing or numerical reethods when menﬁ&d {or when dirscted o by the
problem). in the next section, we will learn additional algebraic simplifying methods we can

use besides factoring before plugging in.
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Unit 1.2: Finding Limits Analytically
Methords for Evaluating Eimits

- Properies of Limlts

=

—~ 1) Numerically (table of values approaching from each side) o camos & umber of usefl properties about limits. Here is 3 sampie of the
2) Graphical Hmb =5 liyou are taking a fimit of a constant, the limit is the constant for limits at any x.
3) Ana; ticali (piug in target value) I,ff}}" = ¢ You can plug in the x-value to the function to determine the Eﬁ.m {if well-behaved}.
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lirk...compute the Hmit, snd apply the
algebrate operations.
tim 1 (g(x)) = (1im &) oo e s et o e o elon s
¢ Tore apply the outer function 1o the resull.
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Mere are some other techniques for evaluating analyticaliy...
#1. Evaluate the limit . B e 1) Numerically (table of values approaching from each side)
2f(x)+l cp A . ' ‘
. i £ Joi #
=z (3) 4 b ' 5,':" : -z < 3) Analytically (piug in target value)
7, \‘ if result is undefined, can try...
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=13 / (x_f,'_ _,,,g-/ < : : » Rationalizing (when you have a radical}
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N # 381 o Evaluating Limits by using the 'special limits’
" lim ( ";> In some cases, we can rearrange an axpression to factor it into ane or mare 'special limit
x99 J; - form whete we have ‘pro-avaluated' the limit using a graph...these spacial limits are;
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The Squeeze Theorem

Sometimes | is difficult to evaluate a limit directly, but you can show that the
function's value in an interval is always belween two other functions whose limils
are easier to evaluate. If these other two functions evaluate to the same

value, then the given function in the middle is ‘squeezed' in between, and must

atso have the same Bmit,

Here is the formal thecrem:;

except possibly at ¢ itself , and if
lim k(x) =L=limg (x)
 then lim g (x) exists and is equal to L.

s

If ft(x) <f (x} < g(x) Jor all x in an open interval containing c,

#4. Use the Squeeze Theorem to show that Iin(} x* cos20mx =0,
Xy
Hlustrate by graphing the fonctions

Fx)= -, g(x)=x* 008 207x, and h(x) =x'

on the same screen.
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Unit 1.3; Continuity and One-sided Limits
Definition of Continuity of a Function

A function can be determined 1o be comtinuoius &g sous at every x-value in its domain. The
general idea of continuity is that a function is mntzmoua ;at an xvalue if, as you are drawing the function from
left to nghi your pencil stays on the paper as you go through this x-value:

f‘(‘x}

n the nterval, tham 53 racr 'reak” irz thefunc.t& v

Definition of Cantinuity of a Function
iscontinuous at an input value in various ways which asz%z labelled as follows:
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jump discontinuity infinite discontinuity
removabie discontinuities v norremovable discontinuifies

A discontinuity is called "'removabile’ if the function can be made continuous by am&mmé&t&?y
defining or re-defining fat c. {If you could change things so that the "hole is filled in".)

Verifying/Proving the Continuity of a Functionatx=¢

{ Conditions for & Function to Be Continuous st ¢
1 To smmmarize, o fmetion £ contimmous at o peovided
that three conditions are met:
Condition § f{c} is defined,

 that i, o Bs in the domain of the finction
Condition 2 lim f(x) exists

Condition3 Lan f {x}= fe)

7is discontinuous at: s discontinuous ate - - fis discontinuons at ¢
tviolates condition 2} {violates condition 1) {viniates condition 3}



Verifying/Proving the Continuity of a Functionatx =¢

Determine if the function is continuous at & Conditions for a Function te Be Continmous af ¢
- To sumumarize, a fimetion f is contimious at ¢ provided

X —2n-8 .. that three conditions are met:

—ee i # 4 L e
f{x)= x-d Condition 1 f{e) is defined;

3 iFas=4 that is, ¢ is in the domain of the function
Condition 2 lim f{x) exists
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Detormine if the function is continuous at & Adjusting a function to make It continuous

—~ Fx)= inix — 2] g2 #2. Find the cqnstant ¢ that makes g continuous on (—oo, w)
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The Intermediate Value Theorem

If [ is continuous onthe closed interval [a,b), f{a)# f(b),
and k is any number between f{(a) and f(b), then there is
at feast one number c in{a, b such that f(c)=Fk.
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Note: This theorem doesn't provide & method for finding the value(s) ¢, and doesn't indicate
the number of ¢ values which map to k, it only guarantees the existence of at least one

aumber ¢ such that flc) = k.

#4. The height of an object changes
with time as described by the function

h(t)=2t-3F +10
Can you guarantee that there is a time

#3_Lkse the Intermadiale Value Theorem to
show that the following polynomial has a
zerc in the interval (6,11,

Fx)=x"+2x-1 " valus, in the nerval [0.2) ot which the
eight of the object is 47 Explain.
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The connection between limits and asymptotes
|
X+ 2

‘ #5. Find the limit and any asymptotes:
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Unit 1.4: Infinite Limits, Limits at Infinity, and Asymptotes
Infinite Limits

An Infintte Nmlt is a lmit that, when evaluated, is Increasing without bound to oo
oF dze»cmas.&zg without bound 1o —c0 . Technically, these limits Do Net Exist
because they are not numbers, however we usually do indicate whether the

value 5 approaching posithe or negative Infinlly.

There are three general situations whete we see infinite Bmits:
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When evaluste lridts &b infinity by Imagining what will happen as X gets very large {elther
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positive or negalive direction). The resulting limit value may be zero, & constant, or an infinite

limit, depending upon the function:
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you get an infinite Hmit arizoedel avympiode atihis y vaiw

Evaluating Hmits without graphing

For many limits, you can evaluate without resorting 1o graphing the funclion.just consider what
happens as x approaches the farget value.
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ate both getting very large: multiplied are both getling very
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Evalusting Retional Punction limits

If you have a limit of a rational function with polynomials for numerator and denominator, thres
things can happen:

nunerator degres is larger
. 5 4
lim ',f 5 fim = ‘f %ﬁ o5
woss Tl v g wan B e e

Evalaating Rational ?wmfzﬁuﬂ Firslts wighout graphing
‘ TE‘M& isa mecemm yer o s Yo evaluste rational f%c:ﬁﬂn fimits without graphing.

» I namerator daqm i Wigker than denominator, then !ﬁa ot is e ndinie: Holt
{ba carafil of the signl,

» ¥ donominator dearss Is Bigher than mumargtor, e the tmitls 0.
» [fthe degrees of the numerator and denominator are The same, divide every teem in

both the numerator and denaminator by K3 0SS0 Than cancal within sach term,
and all terms with a constant over a power of X go to zero.

dibiin wessytitug by %

2at-1 |2
s



rt—rt+1

oty —p

-0 A
re A
=l ’ . ’kf‘y
‘/‘ﬁ,ﬁav ~
a A
ra T
|~
~ rr¥Y e
$v&%—v v L —o4®
Vil .o TR ok = = Rants
=l o =0
e
L gt
#4. lim ¢
e
{
- = Lo T
A Xz &
o
ol

3% ~x. 5. tim 6% +5t
e (11 )( 26 ~3)

lim
bt G5t

#2. oy 1 2x+1

—5 -0 6rPNE) = fm LT
foe B2 X Ly 2T
A e =2 T

o =2 4 " T ==
X% X é(-g:av £ e
'»/(\M_w 2E X Z{f’-’; e €7
R l—-}*-ﬂl’j)':—y >
¥ - ,é:mm L+ =
=¥, -0 - ' "";:- ”’3-
=fm 3= 2 +-Z 2
U2 —or®
A X2
e S0
‘ea_m P

Find the horizontal and vertical asymptotes of the cueve.
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