AP Calculus BC — Study Guide: Unit 4 — Integral Evaluation

Antiderivative shortcuts...

[0dx= foax=c

[edx= fede=cx+C

[x" dx = [ ax =

[er dx= [erdx=e+C

oo = J.e‘“dxz%+c

[a* dx= ja%:ﬁw

Jidx: Iidxzhl|x|+C

[ sin (x) dx = [[sin (x) dx =—cos(x)+C
[cos(x) dx = [[cos (x) dx =sin(x) + C

[[sec? (x) dx = [[sec? (x) dr =tan (x)+ €

[Jesc (x) dx = [ese? (x) dr=—cot(x) +C

[ tan (x) dx = [ tan (x) dx =In[see (x)| + € = ~In|eos (x)| + €
[eot(x) dx= [ cot (x) dx =~Inesc (x)|+ € = Insin (x)| + €
[ sec(x)tan (x) dx = [[sec(x)tan (x) dr =sec(x)+ €
[ese(x)cot (x) dx = [ esc(x)cot (x) dr = —cse(x) +C
[sec(x) dx = [[sec(x) dx =In|see(x) + tan (x)|+ C
[ese(x) dx= [esc(x) dx =Inesc (x) —cot (x)| + €

L - L gu=sin'[“)+c

1 _ 1 1. (u
'[a2+u2 du= J ~du =—tan 1(—)+C

612+1/l a a

J.;duz I;du =lsec’1 (ZJ+C
|u|\/u2—a2 |u|\/u2 -a a a



Integral properties/procedures...

_[cf(x)dx:

JLf(x)£g(x)]dx=

1) u-substitution (integral version of chain rule)

ex: was(xz) dx

2) by parts (integral version of product rule)

ex: jx]n(x) dx

3) trigonometric integrals

ex: _[sin3xcos3xdx

.[c f(x)dx= cjf(x) dx (constants can be moved out)

[/ ()% g (x)]dx=[[f(x)]drt[[g(x)]dx

(can split into separate integrals for each term)

a

jf(x)dxz—if(x)dx

b

1) u-substitution (integral version of chain rule)

_[xcos(xz) dx u=x’

du =2x, du=2xdx, xdx= lalu
dx 2

substitute into original integral :

Icos(u)%du =%Icos(u)du =%sin(u) =%sin(x2)+C

2) by parts (integral version of product rule)
len(x)dx uzln(x) dv=xdx

du 1

— = dv=|xdx

dx x I J.

duzldx v=lx2
X 2

substitute into pattern :

w—[vdu =(1n(x))(%x2j—j%x2 %dx

1 1
=—x ln(x)—EJ.xdx

3) trigonometric integrals

I sin’ xcos® dx (split off something to form du)
I sin’® x cos” x cos xdx
Isin3 X (1 —sin? x) cos xdx
( <3 .5
I sin” x —sin x) cos xdx
jsin3 X cos xdx — j sin’ x cos xdx

. du
u =sinx, d_ =cosx, cosxdx=du
x

Iu3du—ju5du

lu“ _luﬁ +C =lsir14 )c—lsil‘l6 x+C
4 6 4 6



4) trigonometric substitution

1
o Lt

5) partial fraction expansion

1
ex: |———dx
Jl)c2—5x+6

6) complete the square to arctan form

1
ex: | ——dx
Jl)cz —4x+13

Improper Integrals:

— ) 8
= | =
i

4) trigonometric substitution

1 Xt -1
X — j—
“ (21 cos6’——x tan @ = "
1 X = 1

=secd Jx*=1=tan@

cos @

d_j;zsecé?tanﬁ dx =secHtan6d6

5) partial fraction expansion
_[ 1 1 A B

d. =
X =5x+6 * (x—3)(x—2) x—3+x—2
1

I(x—3)(x—2)

dx A(x—2)+B(x—3):1

Ax—24+Bx-3B =1
(4+B)x+(-24-3B)=(0)x+(1)

{ A+B=0
system : A=1,B=-1
—24-3B=1
1 1
1jx_3dx—1jx_2dx
Infx—3|~Infx—2[+ C =X 2|+ C
x=2

6) complete the square to arctan form

[—— L & X —4x+4+13-4
x —4x+13 = =
(x=2)"+9
1 du

I—zdx nowu—sub: u=x-2, — =1, du=dx

(x—2) +9 dx

1

'|.uz+32 dx

1 0

) b
J-izdleim izdleim{—l—(—lﬂ —Li=041=1
1 1 b

o0

jldx tim [ L =lim| In b —(In1]) | =c0—0 =00

X b—x 1 X b—w

(integral may converge to a number, or diverge)



Integral as inverse operation of derivative: Integral as inverse operation of derivative:

3 b(x)
%( J; (t3 —4t) dtj = i( J £(1) dt} =f(b(x)) «b'(x) [chain rule]
%[]‘ (£ -4) dt] —4(3x° )) (6x)

d U (¢ -4 dt]= %[h:j 1t dz] b(x) - f(a(x))-'(x)
' 1

dx| %
X



